Abstract. We explore the subrings in trigonometric polynomial rings and their factorization properties. Consider the ring ′ of complex trigonometric polynomials over the field Q( ) (see [11] ). We construct the subrings
Introduction
Factorization properties of integral domains have been a common interest of algebraists, particularly for polynomial rings. In this study we investigate the factorization properties of the subrings of ′ (see [11] ). The basic concepts, notions and terminology are standard, as in [7] .
For the factorization of exponential polynomials, J. F. Ritt developed: "If 1 + 1 1 +· · ·+ is divisible by 1+ 1 1 +· · ·+ with no = 0, then every is a linear combination of 1 , . . . , with rational coefficients" [9, Theorem] . Getting inspired by this, G. Picavet and M. Picavet [7] investigated some factorization properties in trigonometric polynomial rings. Following [7] , when we replace all above by , with ∈ Z, we obtain trigonometric polynomials. Whereas are trigonometric polynomial rings.
Following Cohn [4] , an integral domain is atomic if each nonzero nonunit of is a product of irreducible elements (atoms) of , and it is well known that UFDs, PIDs and Noetherian domains are atomic domains. An integral domain satisfies the ascending chain condition on principal ideals (ACCP) if there does not exist any infinite strictly ascending chain of principal integral ideals of . Every PID, UFD and Noetherian domain satisfy ACCP and a domain satisfying ACCP is atomic. Grams [6] and Zaks [13] provided examples of atomic domains, which do not satisfy ACCP. Following [12] [11] we extended the study of factorization properties of trigonometric polynomials with coefficients from the field Q and its algebraic extension Q( ), instead of R and C, that is we study
where ′ is a Euclidean domain and is a Dedekind finite factorization domain (see [11, Theorem 1 & Theorem 2] ).
Again following [7] , Sin 2 = (1−Cos )(1+Cos ) shows that two different nonassociated irreducible factorizations of the same element may appear. Throughout we denote by Cos and Sin the two functions ↦ → Cos and ↦ → Sin (defined over R). Also from basic trigonometric identities, it is obvious that for each ∈ N {1}, Cos represents a polynomial in Cos with degree and Sin represents the product of Sin and a polynomial in Cos with degree − 1. Conversely by linearization formulas, it follows that any product Cos Sin can be written as:
, where ∈ N and , ∈ Q.
We continue the investigations to find the factorization properties in trigonometric polynomial rings, begun in [7] and extended in [11] . In other words we extend this study towards finding factorization properties of subrings of trigonometric polynomial rings, by establishing 
The Subrings of Q( )[Cos , Sin ]
A Construction of
where ( + )/2, ( − )/2 ∈ Q. Therefore any element is of the form
where 
where ′ , ′ , 0 ∈ Q( ) and , , ∈ Q. So is of the form
Conversely, for 0 ∈ Q, and ∈ Q( ), 1 2 , we have
So, every element of the form 
Conclusion 2. A consequence of above construction is:
the localization of all these by a multiplicative system generated by preserves their factorization properties as
Using Conclusion 1, Conclusion 2 and [11, Theorem 1], we have 
Proof. Follows by Conclusion 1 (respectively Conclusion 2).
Conditions satisfied by ring extensions
In this section we discuss two special conditions. First one, known as Condition 1, is borrowed from [8] and the second one is derived from Condition 1. Moreover, we study a few interesting results about these conditions and trigonometric polynomial ring extensions satisfying them. Proof. Since the ring extension ⊆ satisfies Condition 1. Therefore for each ∈ there exist ∈ ( ) and ∈ such that = . Obviously Remark 3.1. Consider the following commutative inclusion diagram which follows from Remark 2.2.
Now the following table concludes our discussion on Condition 1 and Condition 2 among trigonometric polynomial ring extensioins. 
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